THE SHARP LOWER BOUND OF THE FIRST EIGENVALUE OF THE 
SUB-LAPLACIAN ON A QUATERNIONIC CONTACT MANIFOLD IN DIMENSION 7 
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Abstract. A version of Lichncrowicz' theorem giving a lower bound of the eigenvalues of the sub-Laplacian 
under a lower bound on the Sp{l)Sp{l) component of the qc-Ricci curvature on a compact seven dimensional 
quaternionic contact manifold is established. It is shown that in the case of a seven dimensional compact 
3-Sasakian manifold the lower bound is reached if and only if the quaternionic contact manifold is a round 
3-Sasakian sphere. 
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1. Introduction 

The purpose of this paper is to give a version of the results of [18] in the case of a seven dimensional 
quaternionic contact (abbr. qc) manifold. Thus, the main result is the establishment of a lower bound for 
the first eigenvalue on a seven dimensional qc manifold satisfying a Lichnerowicz type condition extending 
the classical [26] and CR [14, 27, 12] Lichnerowicz type results to the case of a general compact qc manifold. 
We also prove an Obata type result [29] characterizing the extremal case in the qc Lichnerowicz type result 
assuming the extremal case is a (seven dimensional) qc-Einstein manifold of constant qc-scalar curvature. 

It should be noted that a seven dimensional qc structure, similarly to a three dimensional strongly pseu- 
doconvex manifold, frequently presents some additional difficulties or requires a different analysis in various 
geometric and analytic questions, see for example [16] and [15]. Such is the case of this paper. On the other 
hand, a notable difference are the (conformal) flatness problems, see [5, 11, 24] and [19] respectively, where 
there is no distinction between the seven and higher dimensional results in the qc case. 
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Another motivation for the current paper comes from a number of Sasakian case resuhs [8, 7, 6], [2] 
and [10]. These CR results came after Greenleaf [14] proved the CR Lichnerowicz type result on a 2n + 1 
dimensional CR manifold for n > 3. Subsequently, [27] adapted Greenleaf's proof to cover the case n = 
2, while the case n = 1 was treated in [27] assuming further a condition on the covariant derivative of 
the pseudohermitian torsion. In [12] the author also considered the n = 1 case replacing the additional 
assumption with the CR-invariant condition that the CR-Paneitz operator is non-negative. As well known, 
for n > 1 the CR-Paneitz operator is always non-negative, while in the case n = 1 the vanishing of the 
pseudohermitian torsion implies that the CR-Paneitz operator is non-negative, see [12] and[9]. 

In the current paper we introduce a certain P— function in the setting of a qc structure which allows us 
to obtain in dimension seven the qc Lichnerowicz - Obata type results, except for the latter we require that 
the extremal qc structure is 3-Sasakian. This condition means that M is a qc-Einstein structure of constant 
positive qc-scalar curvature, see [15], and also [20] and [21] for the negative scalar curvature case. Note that 
in higher dimensions the qc-Einstein condition implies the constancy of the qc-scalar curvature [15]. In view 
of [22], [28] and [23], where the Obata type result was proven for a general CR manifold, our qc Obata- type 
result is not completely satisfactory, but the non qc-Einstein case seems to present extra difficulties. In 
addition, the introduced P— form is interesting on its own. Here P should remind not only of the Paneitz 
operator, but also of the P— function used in the theory of elliptic partial differential equations, see [30] for 
references and some results. 

Theorem 1.1. Let (Af, g,Q) he a compact quaternionic contact manifold of dimension seven. Suppose 
there is a positive constant fcg such that the normalized scalar curvature S and the torsion T*^ satisfy the 
Lichnerowicz type inequality 

(1.1) GSgiX, X) + 10T"{X, X) > kag{X, X). 

If in addition, the P— function of any eigenfunction of the sub-Laplacian is non-negative, then for any 
eigenvalue A of the sub-Laplacian A we have the inequality 

A > ifco. 

The P-function of a smooth function /, cf. Definition 3.1, is defined with the help of the Biquard 
connection, the qc-scalar curvature and the [—1] component of the torsion tensor, see Section 2.1, (2.11) and 
(2.7). Wc say that the P— function of / is non- negative if 

P/ Vol^ > 0. 

M 

We note that the Lichnerowicz type assumption in any dimension is 

n 9^ Of I o^c /V , 4n2 + 14n+12 ^o^^ , 4(n + 2)2(2n - 1) ^ ^ ,^ 

1.2 2(n + 2}Sg{X, X) + — — T (X, X) + — — — — ——U(X, X) > kagiX, X). 

2n + l (n — l)(2n+l) 

When n > 1 as shown in [18] it implies that for any eigenvalue A of the sub-Laplacian A we have the lower 
bound 

n -\- 2 

In fact, both the seven and higher dimensional cases follow from the positivity of the P-function. 

A stronger condition than the one required in Theorem 1.1 is the assumption that the P-function of any 
smooth function is non-negative in which case we say that the C— operator of M is non-negative. Here C is 
a fourth-order differential operator on M (independent of /!) defined by 

C/=-V*P/ = (Ve.P/)(e,). 

It turns out that this stronger condition holds on any compact qc manifold of dimension at least eleven, see 
Theorem 3.3. On the other hand we shall prove in Proposition 3.4 that on a seven dimensional qc-Einstein 
manifold of constant non-negative scalar curvature the P— function of any eigenfunction of the sub-Laplacian 
is non-negative. This fact implies the following 
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Corollary 1.2. Let (Af, g,Q) be a compact quaternionic contact manifold of dimension seven which is qc- 
Einstein and of constant normalized positive scalar curvature S = 2. Then for any eigenvalue X of the 
sub-Laplacian A we have the inequality 

(1.3) A>4. 

Furthermore, X — 4 is an eigenvalue of the sub-Laplacian if and only if M is the unit seven dimensional 
3-Sasakian sphere. 

In particular, on a seven dimensional 3-Sasakian manifold any eiqnfunction A of the sub-Laplacian satisfies 
the inequality (1.3) and the equality is attained only on the seven dimensional 3-Sasakian sphere. 

We note that in [17] is given an explicit formula for the eigenfunctions of the above eigenvalue, see also 
[!]• 

Convention 1.3. 

a) We shall use X, Y, Z, U to denote horizontal vector fields, i.e. X, Y, Z,U £ H . 

b) {ei, . . . , e4„} denotes a local orthonormal basis of the horizontal space H . 

c) The summation convention over repeated vectors from the basis {ei,...,e4„} will be used. For 
example, for a (0,4)-tensor P, the formula k ~ P{eb, Ca, Ca, Cb) means 

An 

fc = ^ P{eb,ea,ea,eb)\ 

a,b=l 

d) The triple {i, j,k) denotes any cyclic permutation of (1,2,3) . 

e) s will be any number from the set {1,2,3}, s £ {1,2,3}. 

2. Quaternionic contact manifolds 

Quaternionic contact manifolds were introduced in [3]. We also refer to [15] and [19] for results and further 
background. 

2.1. Quaternionic contact structures and the Biquard connection. A quaternionic contact (qc) 
manifold {M,g,Q) is a 4n + 3-dimensional manifold M with a codimension three distribution H equipped 
with an Sp{n)Sp{l) structure. Explicitly, H is the kernel of a local 1-form 77 ~ (?7i,??2,%) with values in K"^ 
together with a compatible Riemannian metric g and a rank-three bundle Q consisting of cndomorphisms 
of H locally generated by three almost complex structures /i , /2 , ^3 on H satisfying the identities of the 
imaginary unit quaternions. Thus, we have /1/2 = —-^2^ -^3, I1I2I3 = ~^d\H which are hermitian 
compatible with the metric g{Is.,Is.) = g{., ■) and the following compatibility condition holds 

2g{I,X,Y) ^ dr,,{X,Y), X,Y £ H. 

On a qc manifold of dimension (4?! + 3) > 7 with a fixed metric g on the horizontal distribution H there 
exists a canonical connection defined in [3]. In fact, Biquard showed that there is a unique connection V 
with torsion T and a unique supplementary subspace V to H in TM , such that: 

(i) V preserves the decomposition H ®V and the Sp{n)Sp{\) structure on H, i.e. = 0, Vct G r(Q) for 
a section a S r(Q), and its torsion on H is given by T{X, Y) = ~[X, Y]\y; 

(ii) for ^ £V , the endomorphism T(^, .)|^ of H lies in (sp(n) © sp{l))^ C gl{4n); 

(iii) the connection on V is induced by the natural identification (p of V with the subspace sp{l) of the 
endomorphisms of H , i.e. Vip = 0. 

In n), the inner product <, > oi End{H) is given by < A, B >= 5(^(ei)i B{e.i)), for A,B£ End{H). 

We shall call the above connection the Biquard connection. When the dimension of M is at least eleven [3] 
also described the supplementary distribution V , which is (locally) generated by the so called Reeb vector 
fields {Ci,'?2,C3} determined by 

{Cs^d'qk)\H -{£,k^dT]s)\H, 

where j denotes the interior multiplication. 
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If the dimension of M is seven Duchemin shows in [13] that if we assume, in addition, the existence of 
Reeb vector fields as in (2.1), then the Biquard result holds. Henceforth, by a qc structure in dimension 7 
we shall mean a qc structure satisfying (2.1). This implies the existence of the connection with properties 
(i), (ii) and (iii) above. 

The fundamental 2-forms of the quaternionic structure Q arc defined by 

(2.2) 2uj,\H = drjs\H, C^^^s = 0, (eV, 
and the torsion restricted to H has the form 

(2.3) TiX, Y) = -[X, Y]iv - 2uj,{X, Y)^i + 2uj2iX, Y)^2 + ^u^iX, y)^. 

2.2. Invariant decompositions. Any cndomorphism 'if oi H can be decomposed with respect to the quater- 
nionic structure (Q, g) uniquely into four S'p(n)-invariant parts 4* = \I>+++ + v]/^ + ^ + where 
^P^^^ commutes with all three Ii, '5"' commutes with Ii and anti-commutcs with the others two and etc. 
The two 5'p(n)S'p(l)-invariant components arc given by 

*[3] = * +++, + + + " + + . 

They are the projections on the eigenspaces of the Casimir operator 

(2.4) T== + /2«)/2 + /3®/3, 

corresponding, respectively, to the eigenvalues 3 and —1, see [4]. Note here that each of the three 2-forms 
ujs belongs to its [-l]-componcnt, lOs = '-^s[-i] and constitute a basis of the lie algebra sp(l). In particular, 

using that j^^'^s} orthonormal set in we have 

(2.5) I(VV)[-1]P>^E[5(VV,-.)]' 

s=l 



while a projection on l^^ffj gives 



(2.6) |(VV)[3]P>^(A/)^ 

If ri = 1 then the space of symmetric endomorphisms commuting with all Ig is 1-dimensional, i.e., the [3]- 
component of any symmetric endomorphism ^ on _ff is proportional to the identity, ^3 — —^^Id^H ■ Thus, 
when n = 1 we have the following fact. 

Lemma 2.1. The space 5* [3] is four dimensional and the symmetric tensors in it are proportional to the 
metric. The space ^"[-1] is twelve dimensional, in which lies the three dimensional space of the 2-forms LOi. 
The latter determines the anti- symmetric part of the component. 

2.3. The torsion tensor. The torsion endomorphism T^ = T(^, ■) : H ^ H, ^ E V will be de- 
composed into its symmetric part T^ and skew-symmetric part b^,T^ ~ T^ + b^. Biquard showed [3] 
that the torsion is completely trace-free, tr T^ = trT^ o Ig = 0, its symmetric part has the proper- 

tiesr«/, = -/,T0^ /2(T0 )+- = /i(T|j-+-, h{Tl)-+- = h{Tl)--+, /i(r|j-+ = /3(r|j+-, 

where the upperscript + -|- means commuting with all three Ii, H indicates commuting with Ii and 

anti-commuting with the other two and etc. The skew-symmetric part can be represented as 5^. = liU, 
where U is a traceless symmetric (l,l)-tensor on H which commutes with Ii, 12,13. Therefore we have 
T^. = T". + liU. If ri = 1 then the tensor U vanishes identically, U ^ 0, and the torsion is a symmetric 
tensor, 

T^ = r|. 

The two S'p(n)S'p(l)-invariant trace-free symmetric 2-tensors on H 

(2.7) T'>iX,Y)^giiTlh+Tlh+Tlh)X,Y) and U{X,Y) ^ giuX,Y) 
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(2.8) 



were introduced in [15] and enjoy the properties 

T°{X, Y) + T°(/iX, hY) + T^ihX, hY) + T'^ihX, hY) = 0, 
U{X,Y) = U{hX,hY) = U{hX,hY) = U{hX,hY). 
From [19, Proposition 2.3] we have 

(2.9) AT\^s,IsX,Y)=T\X,Y)~T°{IsXJsY), 
hence, taking into account (2.9) it follows 

(2.10) T(e„ Y) - TO(e., Y) + g{IsuI,,X, F) = i \t\X, Y) - T'^ihX, /,y)] - C/(X, Y). 

Any 3-Sasakian manifold has zero torsion endomorphism, and the converse is true if in addition the qc 
scalar curvature (see (2.11)) is a positive constant [15]. 

2.4. Torsion and curvature. Let R = [V, V] — V[ j be the curvature tensor of V and the dimension is 
An + 3. We denote the curvature tensor of type (0,4) and the torsion tensor of type (0,3) by the same letter, 
R{A,B,C,D) ■= giR{A,B)C,D), T{A,B,C) := giT{A,B),C), A,B,C,D e T{TM). The Ricci tensor, 
the normalized scalar curvature and the Ricci 2-forms of the Biquard connection, called qc-Ricci tensor Ric, 
normalized qc-scalar curvature S and qc-Ricci forms ps , Ts , respectively, are defined by 



(2.11) 



Ric{A, B) = R{ef„ A, B, Cf,), Sn{n + 2)S = i?(eb, Ca, Ca, e?,), Ps{A, B) = —R{A, B, Ca, hea)-, 

4n 



1 

4n 



R{ea,Isea,A,B,] 



UA.B) = ^R{ea.A,B,hea). 
An 



Definition 2.2. A qc structure is said to he qc Einstein if the horizontal qc-Ricci tensor is a scalar multiple 
of the metric, 

Ric{X, Y) = 2(n + 2)Sg{X, Y). 

As shown in [15], sec also [16, 19, 18] for a different proof, the qc Einstein condition is equivalent to the 
vanishing of the torsion endomorphism of the Biquard connection. In this case S is constant and the vertical 
distribution is integrable provided n > 1. It is also worth recalling that the horizontal qc-Ricci tensors 
and the integrability of the vertical distribution can be expressed in terms of the torsion of the Biquard 
connection [15] (see also [16, 19, 18]). For example, we have 



Ric{X, Y) ^ (2n + 2)r"(X, Y) + {An + W)U{X, Y) + 2{n + 2)Sg{X, Y), 



(2.12) 



2n+l , In, , 2n 

— T° X, Y) + —T\hX, hY) + — 

An An 



2n 



= -sCk - [e„0]H, s = -.g(r(6,6),6), 

3(T(6,e,),^) = -Pk{I^X,^,) = -pk{IjX,^j} = -g{[^,,^,],X). 



^U{X,Y) + ^g{X,Y), 



Note that for n = 1 the above formulas hold with U — 0. 

We shall also need the general formula for the curvature [19, 21] 



(2.13) R{^,,X,Y,Z) 
1 - , 
~ A 



-{VxU){hY, Z) + iOjiX, Y)pk{hZ, e,) - ujk{X, Y)p^{I,Z, 6) 

(Vyr")(/,z,x) + (Vyr")(z,/,x)l + i[(VzT")(/,y,x) + (Vzr")(y,/,x) 



- Uj{X, Z)pk{hY, 6) + uok{X, Z)p,[hY, e.) - uj,{Y, Z)pk[hX, ^,) + LOk[Y, Z)p,{ia, 6), 
where the Ricci two forms are given by, cf. [19, Theorem 3.1] or [21, Theorem4.3.11] 

6(2n+ l)p,(e,,X) =. {2n+l)X{S) + i(Ve„r")[(e„ X) - 3(/,e„/,X)] - 2(Ve„f/)(e„ X), 

(2-14) 6(2n + l)p,i^j,IkX) = {2n - l)(2n + 1)X{S) - i(Ve„r")[(4n + l)(ea, X) + 3(/,e„ hX)] 

-4(n + l)(Ve„C/)(ea,X). 
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2.5. The Ricci identities. We shall use repeatedly the following Ricci identities of order two and three, 
see also [19]. Let ^i, i = 1,2,3 be the Reeb vector fields, X,Y Q H and / a smooth function on the qc 
manifold M with V/ its horizontal gradient of /, g{\7f,X) = df{X). We have the following Ricci identities 

3 

V^f{X,Y) - V'f{Y,X) = -2^c.,(X,r)d/(6) 



s=l 

7^ V C \ V72 , 



(2.15) 



vV(x,6) - v^/(6,x) - r(6,x, V/) 

3 

V^fiX, Y, Z) - V^f{Y, X, Z) = -R{X, Y, Z, V/) - 2 ^ uj^iX, Y)V^f{Cs,Z) 



s=l 

V3/(C^, X, Y) = VV(^, y. - VV {T (e„ X) , Y) - VV (X, T te, y)) - d! ((VxT) (C,, Y)) 

-Ri^,,X,Y,\/f). 

In particular we have 

(2.16) giV^f, Lu,) = VV(ea, hca) = -4nd/(6). 

Now, Lemma 2.1 and the Ricci identities show that for any smooth function / on a seven dimensional qc 
manifold we have 

^2 iV'f)i,]{X,Y) = -^g{X,Y), (V^/)[3]H(X,y) = i [(VV)[3](^, i^) - {y'fMY,X)] = 

(VV)[-i][a](^,i") = -df{^,)uj,{X,Y). 

2.6. The horizontal divergence theorem and qc-normal frames. Let {M,g,Q) be a qc manifold of 
dimension 4n + 3 > 7 For a fixed local 1-form 77 and a fix s G {1,2,3} the form 

(2.18) Vol,j = 771 A 772 A ?73 A wf' 

is a locally defined volume form. Note that Volr^ is independent on s as well as it is independent on the local 
one forms 77i,772,?73- Hence it is globally defined volume form denoted with Voir/. 

We define the (horizontal) divergence of a horizontal vector field/one- form o" G (H) as 

(2.19) V*<7 =-tr\HV(j= -Wa{ea,ea). 
The integration by parts formula from [15], see also [31], takes the form 

(2.20) / (V*cr) Vol^ = 0. 

Jm 

Finally, we recall that an orthonormal frame 

{ei,e2 = /iei,e3 = 1261,64 = /361, . . . , 64„ = /364n-3, Ci, 6, 6} 

is a qc-normal frame (at a point) if the connection 1-forms of the Biquard connection vanish (at that point). 
Lemma 4.5 in [15] asserts that a qc-normal frame exists at each point of a qc manifold. 

3. The P-form 

Let (Af, g, Q) be a compact quaternionic contact manifold of dimension An ~\~ 3 and / a smooth function 
on M. 

Definition 3.1. For a fixed f we define a one form P = Pf = P[f] on M , which we call the P—form of f , 
by the following equation 

3 

Pf{X) =VV(^, 6b, 6fa) + J2 VV(/t^, 6b, Itet) - 4nSdfiX) + 4nT"{X, V/) - ^I^^^^-^U{X, V/), 

t=i ^ 
(3.1) «/n>l, 

3 

PfiX) =V3/(X, 6b, efc) + V3/(/tX, 6b, heb) - 45d/(X) + 4T"(X, V/), tf n = I. 

t=i 
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The P— function of f is the function Pf{\7 f). Finally, the C— operator is the fourth- order differential operator 
on M (independent of f!) defined by 

(3.2) C/ = -V*P/ = (Ve„P/)(ea). 

We say that the function of f is non-negative if its integral exists and is non-positive 

(3.3) / f-Cf Vol, = - f Pj{Vf) Vol, > 0. 

If (3.3) holds for any smooth function of compact support we say that the C— operator is non-negative. 

One of the key identities which relates the P-function and the Bochncr formula is given in the following 
Lemma 3.2. On a qc manifold of dimension 4n + 3 we have 

3 3 3 

(3.4) VV(6, /sX) = ^ 5Z ^""fi^sX, Isea, Ca) - J2 T{Cs,IsX, V/). 

S— 1 S— 1 S — 1 

In addition, if the manifold is compact, then the next integral formula holds 

(3.5) / VvV(6,/.V/)Fo?,= / r_^p„(v/)--L(A/)2-5|V/|2 + ili±|lc/(V/,V/)lyoZ,. 

Proof. Working in a qc-nornial frame, taking into account the Sp{n)Sp{l) invariance of V^/(^s, ^sV/), we 
have 



^VV(/s^,^e,,eJ - ^ Vj,;^[V2/(/.ea,ea)] = ^ V,,;^ [4nd/(^,)] = AnJ^^^ fiIsX,^s) 

S — l s — 1 5=1 

3 3 

An ^ V^f{^s,IsX) + 4n ^ T(6, /.X, V/), 



where we used (2.16) for the second equality and the second equality in (2.15) for the fourth one. 

For the second part of the lemma, first we express the term J2s=i^^ fi^sX, Isea,ea) in (3.4) by the 
definition (3.1) of P/. Then we replace X by V/, integrate over M and use the easily checked equality 



(3.6) / V\^f,ea,ea)Vol„^- {AfYVol,, 

Jm jm 

for the term V'^/(V/, ea,ea). Finally we use 

3 

(3.7) 2 r(6, /.V/, V/) - 2r"(V/, V/) - 6[/(V/, V/), 

s=l 

which follows from (2.10) together with (2.8). This proves (3.5). □ 

3.1. The non- negativity of the C-operator for n > 1. Let Bq be the trace- free part of the 3-component 
of the horizontal Hessian. 

(3.8) 4BaiX, Y) = V'fiX, Y) + V^f{hX, hY) + V^fihX, hY) + V^f{hX, hY) + i A/g(X, Y). 

n 

Theorem 3.3. On a qc manifold of dimension 4n + 3 we have the formula 

n — 1 

(3.9) 4(Ve„Po)(ea,^) = Pn{X)- 

n 

In particular, if the manifold is compact then the C— operator is non-negative for any dimension bigger than 
seven. In this case for any function f the function Cf vanishes exactly when the trace- free part of the 
3-component of a function vanishes. In this case the P—form of f vanishes as well. 
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Proof. We have from the Ricci identities that: 

3 3 

(3.10) V-V(ea, ea, X) = V^/(X, e„, e,) + Ric{X, V/) + 4 V^i^^J^X) + 2 ^ T(e„ /.X, V/) 
Similarly, we obtain 

3 

(3.11) VV(ea, /.e„ /,X) ^ V^f{hX, CaJsEa) + 4nCs(/.X, V/) - 2 ^ wt(/,e„ /,X)T(Ct, e„ V/) 

t=i 

3 

= V\f{IsX, ea, Lea) + 4nCs(/.X, V/) - 2 ^ r(C„ hX, V/). 

A substitution of (3.10), (3.11), (3.4) and the first and second equality of (2.12) in (3.8) imply (3.9). The 
last statement follows by integration by parts using the orthogonality of the components of the horizontal 
Hessian. □ 

3.2. Non-negativity of the P functions of eigenfunctions in dimension seven. In dimension seven 
we show the following 

Proposition 3.4. On a seven dimensional compact qc-Einstein manifold of constant positive qc scalar 
curvature, S = 2, the P— function of any eigenfunction of the sub-Laplacian is non-negative. 

Proof. Suppose / satisfies A/ = —^^f{ea,ea) = A/. We calculate 

3 



(3.12) / \Pf\'Vol, 

IM 



M 



) + ^ V^/(/tea, 66, Iteb) - ASdf{ea) 
t=i 

= -45 / Pi{Vf)Vol,,- f V^f{eb,eb)CfVolr, 

JM JM 



VoL 



Voir, 



J2 ^^fieb, Iseb) [V^fiLCa, ea, Cc, e^) + V^fiLCa, Itea, ec, ItCc) - ASV^fiLca, ea) 

3 

= ^{X + 4S)[ Pi{Vf)Vol^^AS j y^[V^f{eaJsea)?Vol^ 

3 3 

/ Vv2/(e6,/.e6)[V'(e.,ee,e,)- V2(e„e„6)]l^o?^- / Y^V^ f{eb,Iseb)V^ f{Isea,Itea,e,Jte, 

JM 1 JM „ 



s=l 

-(A + 45) / Pf{Vf)Vol^ 

JM 



M 



J2[df{t.)?Vol, + 8 / d/(e.)8^[V2(&,0)-V2(e„&)]FoZ„ 

s=l 



where we used the first Ricci identity in (2.15) several times and the fact that third covariant derivatives 
commute on a qc-Einstein manifold with constant scalar curvature because of (2.14) and the last of the Ricci 
identities in (2.15). The assumptions T'^ = U = 0, S = 2 = const together with the second equality in (2.14) 
and the fourth equality in (2.12) imply that the vertical space is integrable, g{[S,s,£,t],X) — 0. Now, the Ricci 
identity, the integrability of the vertical space and the third equality in (2.12) yield 

vV(6,o) - vV(e,,&) = n(j,(k,df) = -2d/(eo. 

A substitution of this equality in (3.12) gives 

3 3 

(3.13) / \Pf\^Volrj = -i\ + 8) [ Pf{Vf)Vol,,-8' [ V[d/(6)]'^oZ^-2x83 / Y^Wiis)? Vol^ 

JM JM JM JM 1 



s=l 



and the non-negativity of the P— function of / follows since A > 0. 



□ 
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4. The Lichnerowicz type result for a seven dimensional qc structure 
Here we shall prove our main Theorem 1.1. From (2.17) and (2.16) we have 



(4.1) 



l(VV)[3]| 



(A/)' 



(VV)[-l][a]P=4^(6/)^ 



Next, we recall the four identities given by [18, Lemma 3.3], [18, Lemma 3.4], Lemma 3.2, and the Bochner 
identity [18, (4.1)]. However, in this lowest dimension, Bochncr's identity [18, (4.1)] and [18, Lemma 3.3] are 
identical. Therefore, in dimension seven, using U = 0, (4.1) and (3.7) we have the following three identities 
3 ^ 

'l(v^/)[-i][a]P + r°(v/,v/) voi^, 



(4.2) 



5^V2/(6,/.V/) Vol,, 

3 



M 



M 



^(A/)^-i|(vV)[-i][.]r-^l(vV)[-i]wl^ 



VoL 



M 



V(V/,V/)-^5|V/|2' 



Voir 



' y2^'f{^t,Ityf}Vol,= [-T"(V/,V/)-- VvV(/tV/,eb,/teb) 



VoL 



corresponding to [18, Lemma 3.4], [18, Lemma 3.3] and (3.4), respectively. 
The a-priori Lichnerowicz type assumption gives the inequality 

10TO(V/,V/)+65|V/|2 >fco|V/|2. 



From the first two formulas in (4.2) we have 
= 



M 



^{A/r + J|(vV)hi]wP - ^l(vV)[-i]wl^ - ir"(v/, V/) - ls\vf\' 



VoLi 



while the first and the last formula in (4.2) give 



3 

/ I (V^ /)[_!][,] 1 2^0/^ = / i Vv3/(/tV/,e6,/*e,)Fo/^. 



A substitution of the last equation in the previous identity brings us to 
(4.3) = 



M 



t=i 



VoL 



M 



V(V/,V/) + ^5|V/|2-^A|V/p 



1, 



(VV)[-il 



VoL 



M 



l(A/)2 - 4 E V^/(/*V/, e„ I,e,) + J^l V/|^ - Jr"(V/, V/) 
t=i 

[(V(V/,V/) + ^5|V/|^-^A|V/'^^ ' 



VoL 



(VV)[ 



16 



VoL 



where Pf was defined in (3.1). If we assume that the P— hmction of / is non-negative, 

- / P/(V/)FoZ^>0, 



then we have 
(4.4) 



> 



M 



^fco-^A|V/|^)+-|(VV)[_i]Ml^ 



Voir,. 
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Therefore, 

A > fco/3. 

This finishes the proof of Theorem 1.1. 

Remark 4.1. Note that in the extremal case in Theorem 1.1 when A — ^fco it follows from (4.3) that the 
corresponding extremal eigenfunction f satisfies the equalities 

(4.5) (VV)[-1]W=0, / PfiVf)Vol„ = 0. 

Jm 

The first equality in (4.5) together with (4.1) imply that the horizontal Hessian of an extremal eigenfunction 
is given by 

k ^ 

{v^f){x,Y) = -^/.9(x,r) -^d/(6)c^.(x,r). 

5. Proof of Corollary 1.2 

In view of Theorem 1.1 and Proposition 3.4 we only have to show that if A = 4 is a an eigenvalue then M 
is the standard unit 3-Sasakian sphere. Since M is a qc-Einstein manifold of constant normalized positive 
scalar curvature 5 = 2 then by [15, Theorem 1.3] it follows M is locally 3-Sasakian. In other words, locally 
there exists an S'0(3)-matrix ^ with smooth entries, such that, the local qc structure determined hy ■ t] 
is 3-Sasakian. The claim then follows as in the higher dimensional case [18, Theorem 1.2] invoking the 
(Riemannian) Obata theorem. For this we consider the natural Riemannian metric (also denoted by) g 
defined using the triple of Reeb vector fields extending 17 to a metric on M by requiring spanj^i, C3} = 
V J- H and g{£,s,^k) = ^sk- The extended metric does not depend on the action of 5*0(3) on V and the 
Biquard connection is metric. 

On one hand we have the well known fact that a 3-Sasakian manifold of dimension 4n -|- 3 is Einstein 
with respect to the extended metric with Riemannian scalar curvature An + 2 [25], i.e., the Riemannian Ricci 
tensor Ric^ is given by 

(5.1) fficf(^,A) = (4n-h2)5(yl,A). 
By Lichncrowicz' theorem [26] and (5.1) we have 

(5.2) ^>4n + 3 = 7, 

where fi is the first eigenvalue of the Riemannian Laplacian of the extended metric. 

On the other hand, it follows from the variational characterization of the first eigenvalues and the relation 
bewteen the Riemannian Laplacian and the sub-Laplacian, see [18, Proposition 5.2] that 

3 

(5.3) M< A + / Y.(dfi^s)fVol, 

Jm 

for any smooth function / with J^^ Volrj ~ 1. 

After a possible rescaling of / and using the divergence formula we have then the following identities 

(5.4) A = 4, A/ = 4/, / f^Vol^ = l, f \Vf\^Vol^^4^] f {AffVol^. 

Jm Jm * j^.j 

For A = 4 the first equality in (4.5) combined with the first two equations in (4.2) and (4.1) yield 

3 

(5.5) / Y.(dfi^s)fVol,^i. 

Now, from (5.5) and (5.3) we have the inequality /i < 4-1-3 = 7 which combined with (5.2) yields the equality 
= 4 + 3 = 7. Therefore, by Obata's result [29] we conclude that the manifold (A/, g) is isometric to the 
sphere 5^(1) and hence the manifold (M, g, Q) is qc equivalent to the 3-Sasakian sphere of dimension 7. The 
last statement follows from the fact that any 3-Sasakian manifold satisfies = U = {),S = 2 [15]. This 
completes the proof of of Corollary 1.2. 
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